The relationship between Jacobi's last multiplier and the Lagrangian of a second-order ordinary differential equation is quite well known. In this article we demonstrate the significance of the last multiplier in Hamiltonian theory by explicitly constructing the Hamiltonians of certain well known first-order systems of differential equations arising in biology.
Introduction
Many second-order ordinary differential equations (ODEs) of the form¨ = F ( ˙ ) admit a Lagrangian description because of the existence of a Jacobi Last Multiplier (JLM), µ, which can be shown to be equal to ∂ 2 L/∂˙ 2 . In a recent article Nucci et al [13] have shown how one can obtain the Lagrangians for certain well known biological models described by planar systems of ODEs using Jacobi's last multiplier. Although in some cases the corresponding Lagrangians are known, it may not always be possible to reduce a given planar system of ODEṡ = ( )
to an equivalent second-order ODE. Therefore, the derivation of even a singular Lagrangian for such a system will be interesting from the mathematical point of view. A singular Lagrangian is one for which the Hessian matrix
is singular. In such cases it is not possible to express the equation of motion in the form¨ = F ( ˙ ). For such singular Lagrangians the usual definition of the conjugate momentum turns out to be velocity independent and consequently one can not define a Hamiltonian by the usual process of a Legendre transformation.
The JLM is a useful tool for deriving an additional first integral for a system of first-order ODEs when − 2 first integrals of the system are known. Besides, the JLM allows us to determine the Lagrangian of a second-order ODE in many cases [4, [6] [7] [8] [9] 20] . In recent years a number of articles have dealt with this particular aspect [3, 11, 12] . However, when a planar system of ODEs cannot be reduced to a second-order differential equation the question of interest arises whether the JLM can provide a mechanism for finding the Lagrangian of the system.
In an interesting paper Nucci and Tamizhmani [13] showed that the method used by Trubatch and Franco in [18] and Paine [14] for finding Lagrangians of certain representative biological models actually relies on the existence of a JLM. Nucci et al have re-derived the linear Lagrangians of these first-order systems using JLM. They have also obtained the Lagrangians of the corresponding single second-order equations which the earlier authors had failed to do, for example in the case of the hostparasite model. In this article we apply JLM to study the process of Hamiltonization of a system of differential equations. It may be noted that a variational problem with a Lagrangian L and configuration space Q may fail to satisfy the Legendre condition, i.e., the fibre derivative map F L : T Q → T * Q may fail to be a local diffeomorphism. Therefore direct Hamiltonization of a nonlinear system based on the JLM [2, 5] offers a distinct advantage over the usual process using Legendre transformations. In fact it also yields the canonical coordinates in terms of which one can express the underlying system in canonical form. A similar though more restricted result is given by Lucey and Newman [10] , who have shown that for a given system of autonomous ODEs there exists, locally at least a symplectic structure and a Hamiltonian function such that the given system of equations can be expressed in Hamiltonian form. In this article we apply the last multiplier to obtain the Hamiltonians of the Host-Parasite model, the Gompertz model and the restricted Koch-Meinhardt model.
Preliminaries
Let us briefly recall the procedure described in [13] for finding Lagrangians for a planar system of ODEs from a knowledge of the last multiplier. We assume that the system (1) and (2) admits a Lagrangian which is linear in the velocities, so that
Then the Euler-Lagrange equations of motion
where the subscripts on F G and V denote partial derivatives while the overdot represents derivative with respect to time. It is obvious that one must have G = F . In order to introduce the notion of Jacobi's last multiplier we assume that G = −F and assign a common value,
From (4) and (5) we have
It is clear that the construction
leads to the following equation,
using the original system of ODEs˙ = and˙ = .
However, (9) is precisely the defining relation for JLM [20] . Thus we see that given the solution of this equation one can easily construct from (2.4) the coefficient functions F and G occurring in the expression for the Lagrangian since
Once these functions are determined one can obtain an expression for the partial derivatives of V from (4) and (5) as follows
In view of (9) it is easy to check the equality of the mixed derivatives,
An instructive example is provided by the following systeṁ
which is known as the host-parasite model. From the defining relation (9) for the last multiplier, we have
In order to find its solution we assume µ = α β ( ), which when substituted into the above equation yields the following values for the exponents: α = −1, β = −2 and ( ) = , so that
The coefficient functions are now given by
The partial derivatives of V , as given by the formulae (11) and (12), are then
They yield the following expression for the function V ,
and the final expression for the Lagrangian is therefore given by
Time dependent Hamiltonian systems
Let denote a real two dimensional manifold with local coordinates and . Consider the following non autonomous system of differential equations:
where and are smooth real valued functions. We can associate with the system (14) the following: (a) a vector field
defined on × R whose integral curves are determined by the system (14), (b) alternatively we may consider the following set of one forms on
and finally, (c) a two-form on × R given by
The classical Poincaré-Cartan form [15, 17] for a Hamiltonian H is given in the standard extended phase space coordinates
The Poincaré-Cartan form consists of two terms -the standard "symplectic" 1-form and the Hamiltonian term. The duality between the Hamiltonian and Lagrangian formulations is well known by means of the Legendre transformation. Let L : R × T Q → R be a non-autonomous Lagrangian. Let us recall that the Legendre transformation
is a fibre derivative. Given ∈ C ∞ (T Q R) and a restriction ≡ | T Q to the fibre over , the fibre derivative of is a mapping defined by
The function is said to be hyperregular if F L( ) is a diffeomorphism. Therefore a Legendre transformation is locally given by
In terms of the jet coordinates { ˙ } the one form Θ has a Lagrangian of the form
When L is hyperregular, i.e., F L is a diffeomorphism, then in such a situation both formulations are completely equivalent. Our focus here is on the Hamiltonian formulation. In Hamiltonian coordinates we have
so the differential system takes the well-known Hamiltonian form
In other words, if (14) admits a Hamiltonian description then˙
An alternative description is given in terms of the Euler vector field
defined by X E Θ = 0 and
Thus X E = ∂ ∂ +X H , where X H is the standard Hamiltonian vector field defined by the canonical symplectic form ω = ∧ . In fact the first equation yields the Hamiltonian equation in the following form
Jacobi's last multiplier and Hamiltonians
Our basic aim is to study the generalization of Hamiltonian mechanics and to construct an exact expression for H using Jacobi's last multiplier. The algorithm to be employed for this purpose is based on an application of the exterior algebra and is described below. Let
Clearly the two-form
and is closed. It is obvious that when (14) is expressible in the form of (17) then the two-form α (1) ∧ α (2) must be proportional to the closed two-form β (1) ∧β (2) , so that there exists a function σ ( ) such that
Since the two-form on the rhs is necessarily closed it follows that we must have
The last equation may be written as Note that (25) implies
It will now be observed that one may write (22) in the following manner
which in view of (25) becomes
But a comparison of (27) with (22) shows that
In view of (23) and (26) it is clear that the lhs of (28) is indeed closed. Thus the problem of recasting (14) into the form of Hamilton's equations reduces to a determination of the auxiliary functions φ and ψ such that H is identified from (25). As for the canonical variables and these are to be identified from (28) once φ and ψ are known and σ has been obtained by solving (23). We illustrate the application of the above procedure with a few examples.
Hamiltonians of some systems of ODEs appearing in biology
In this section we illustrate the construction of the Hamiltonians of a number of systems of ODEs occurring in biology and pattern formation.
The Host-Parasite model
This is described by the following systeṁ
The last multiplier which we identify with as µ = σ −1 is easily seen to be σ
so that from (25) we have
It is easy to verify that the choices
allow one to obtain the following Hamiltonian
It may be remarked that owing to the auxiliary nature of the functions φ and ψ the particular choices which we make here are done in order to ensure that the left hand side of (3.12) be exact. The canonical coordinates may be obtained from (28) since
may be expressed in the following form
Thus in terms of the canonical variables
the Hamiltonian (33) has the appearance
the Hamiltonian equations of motion beinġ
Gompertz model
This model is popular in studies dealing with the growth of tumors. A commonly employed version is given bẏ
Following [13] we make the change of variables
which causes the above system to reduce tȯ
Then from (25) we have upon making the choices ψ = X and φ = Y we have, since the last multiplier is given by µ = −( + ) , the following expression for the Hamiltonian,
Using the formula (28) we find that the canonical coordinates are given by
In terms of the canonical variables the Hamiltonian has the appearance
Upon reverting to the original variables and these expression are given by
and
It may be remarked that a similar calculation can also be done for the famous Lotka-Volterra model.
Finally we present an example arising in the context of pattern formation.
A restricted Koch-Meinhardt model
The Koch-Meinhardt reaction diffusion system is a popular model for generating Turin patterns. The reaction part of it is given by the following dynamical system [16] 
Here the variables and represent the number densities of two species of pigments, with the slowly diffusing pigment, being auto-catalytic and promotes the growth of the antagonistic fast diffusing component . The rate of growth of from the environment is κ. In the following we shall set κ = 0, in which case it is possible to obtain the solution of the last multiplier from its defining relation
Then from (25) it follows once again that the Hamiltonian is given by H = (ln − ) 
Conclusion
In this paper we have studied the Hamiltonization of systems of equations appearing in biological models. The Hamiltonians described here are true in the sense that they allow us to reproduce the original equations through the standard Hamilton equations. This aspect needs to be compared with the previous results stated in [14] which are not true Hamiltonians since they do not allow for the original first-order system of equations to be derived from Hamilton equations. The procedure adopted here is basically that of Torres del Castillo [2] who made tacit use of Jacobi's last multiplier to deduce the Hamiltonians of planar non-autonomous equations. Secondly, the method described here is specifically suited for systems which are intrinsically described by singular Lagrangians.
